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In this paper we explore the behavior of the quasiparticle interference �QPI� pattern of scanning tunneling
microscopy as a function of temperature T, for moderately underdoped cuprates. After ensuring a minimal
consistency with angle-resolved photoemission spectroscopy, we find that the QPI pattern is profoundly sen-
sitive to quasiparticle coherence and that it manifests two energy-gap scales. In particular, we find that the
superconducting QPI pattern vanishes at the same temperature as that at which the Fermi arcs appear. Experi-
mental support for this conclusion comes from the observation of a nearly dispersionless QPI pattern which has
been observed to appear above Tc in moderately underdoped cuprates. To illustrate the important two energy
scale physics we present predictions of the QPI-inferred energy gaps as a function of T for future experiments
on moderately underdoped cuprates. This defines the so-called “Bogoliubov arcs,” which we find have an
extinction point controlled by the size of the superconducting order parameter. This extinction, thus, seems
unrelated to the magnetic zone boundary. Moreover, the calculated Bogoliubov arcs persist across the full
nodal region, as might be expected, since that is where the superconductivity is thought to be dominant. A
second larger energy scale is implied from extrapolation to the antinodes, presuming a simple d-wave shape
and that the temperatures are not too close to Tc. This corresponds to the pseudogap energy scale in the
literature.
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I. INTRODUCTION

Recently, attention in the field of high-temperature super-
conductivity has turned to characterizing the superconduct-
ing �sc� phase in the underdoped regime. This phase neces-
sarily differs from that of a conventional d-wave
superconductor because components of the gap smoothly
evolve through Tc. This leads to a normal-state gap or
pseudogap above Tc. Owing to this fact, and unlike a BCS
superconductor where the order parameter and the excitation
gap are identical, there are very few ways to directly probe
the energy gap tied to the superconducting order parameter.

Within the moderately underdoped samples, which we
consider throughout this paper, recent angle-resolved photo-
emission spectroscopy �ARPES� experiments have
reported1,2 important signatures of superconducting order.
Passing through Tc from above, Fermi arcs around the
d-wave nodes rapidly collapse2 to form point nodes. It was
argued that, within the superconducting phase, the tempera-
ture dependence of the nodal gap has finally provided1 “a
direct and unambiguous observation of a single-particle gap
tied to the superconducting transition.” A complementary
and equally valuable probe is scanning tunneling microscopy
�STM� and the related quasiparticle interference �QPI�
spectroscopy.3–7 While this probe, like ARPES, is generally
not phase sensitive, a controversy has arisen as to whether
these techniques can, as argued experimentally,4,6 or cannot,
as summarized theoretically,5,8 distinguish coherent super-
conducting order from pseudogap behavior.

The objective of this paper is to provide a resolution to
this controversy by studying the temperature evolution of the
QPI pattern observed in STM experiments from the super-
conducting ground state into the pseudogap phase at T�Tc.

We employ a microscopically derived preformed pair theory9

that accounts10 for all of the complex momentum and tem-
perature dependence of the ARPES spectral gap that is de-
scribed above. STM has been extensively used to probe the
local density of states �LDOS� of cuprate superconductors,
associated with a single impurity. The resulting quasiparticle
interference pattern is associated with energy-dependent
modulations3–5,11 in the LDOS that reflect electronic struc-
ture. In the superconducting state, the dispersive QPI �Refs.
12 and 13� or octet features arise from transitions which are
associated with the set of wave vectors that connect �eight�
tips on banana-shaped equal-energy contours. The QPI peaks
in momentum space must satisfy certain consistency condi-
tions due to the d-wave symmetry of the gap.

A central result of our study is that, once compatibility
with ARPES experiments is incorporated, the observation of
the so-called “octet model” QPI �Refs. 12 and 14� �called
Bogoliubov QPI or B-QPI� is a direct signature of coherent
superconducting order: sets of consistent octet model vectors
can only be found for energies less than the superconducting
order-parameter energy scale. In a related fashion, B-QPI
does not persist above Tc, where the order parameter van-
ishes. In this way, QPI patterns, like the behavior of the
penetration depth and Andreev scattering, are found to be
sensitive to superconducting coherence. We stress that this
behavior is associated with the moderately underdoped cu-
prates and the counterpart for the highly underdoped regime,
where ARPES is also more complicated,15 may be less
straightforward.16

II. THEORY BACKGROUND

Our preformed pair theory,9,10 which has also been suc-
cessfully applied to the ultracold atoms, is based on BCS-

PHYSICAL REVIEW B 80, 134504 �2009�

1098-0121/2009/80�13�/134504�5� ©2009 The American Physical Society134504-1

http://dx.doi.org/10.1103/PhysRevB.80.134504


Bose Einstein condensation crossover theory. We focus on a
stronger than BCS attractive interaction which is thought to
be present because of the anomalously short coherence
length. The ground state is the usual BCS state with a self-
consistently determined chemical potential. As outlined
elsewhere,9 we solve coupled equations for the fermionic and
pair propagators. In the pseudogap region below T�, there are
preformed pairs that become noncondensed pair excitations
of the condensate below Tc. For T�Tc, both noncondensed
and condensed pairs coexist but there is a gradual conver-
sion from noncondensed to condensed pairs as temperature is
decreased, leading to the conventional BCS ground state as
T→0.

The pair propagator is related to the t matrix, t�Q�
= tsc�Q�+ tpg�Q� �with Q defined as a four vector�, where

tsc�Q��−
�sc

2

T ��Q� and tpg�Q� represent the contribution to the
t matrix from condensed and noncondensed pairs, respec-
tively. The noncondensed pair contribution tpg�Q� is obtained
from a particle-particle t matrix10 that includes one dressed
�G� and one bare �G0� Green’s function.17 The contribution
of the noncondensed pairs to the full self-energy ��K�
��Qt�Q�G0�Q−K��k−q/2

2 can be well approximated in terms
of a pseudogap parameter �pg�k� because tpg�Q� is strongly
peaked at small Q for T slightly above Tc and T�Tc. Thus,
��k ,	� consists18 of two terms �with 	+ i�, �=0+ implicitly
assumed�

��k,	� = �sc�k,	� + �pg�k,	� =
�sc

2 �k�
	 + 
k

+
�pg

2 �k�
	 + 
k + i�

.

�1�

The two gap parameters, �sc�k�=�sc�k and �pg�k�=�pg�k,
correspond to the sc order parameter and the finite momen-
tum pair gap �pg�. The factor �k= �cos�kx�−cos�ky�� /2 en-
sures d-wave symmetry. The effective gap which appears in
the Bogoliubov quasiparticle dispersion is ��k ,T�=��T��k

with ��T����sc
2 �T�+�pg

2 �T�. We define the ordered phase
through the nonvanishing superfluid density, �s. Microscopic
calculations19 based on Ward identities have established that
�s�sc

2 as expected. Thus the ordered phase corresponds to
�sc�0.

Similarly, the damping � distinguishes the noncondensed
pairs from the condensate, as was addressed microscopically
in earlier work.20 There it was numerically shown that the
broadened BCS self-energy models the present form for the
self-energy, �pg with high accuracy. Had we used a different
form for the t matrix, other than that associated17 with BCS
theory, this would not be the case.20 The parameters �pg and
� could be extracted from this procedure. However, since the
calculations were done for the s-wave case only, we neces-
sarily treat � phenomenologically here. We present the sim-
plest approximation10 of our microscopic theory in order to
make our calculations more accessible: �i� To reasonable
accuracy,9 ��T� can be found from the BCS gap equation.
�ii� Moreover, we approximate10 �pg�T�=��T��T /Tc�3/4 for
T�Tc and �pg�T�=��T� for T�Tc.

The link between ARPES and STM experiments both be-
low and above Tc is based on the common spectral function
A�k ,	�=−Im G�k ,	� /�. The single adjusted parameter � is

constrained through measurements of the Fermi arc size in
ARPES. We find the presence of a perceptible Fermi arc
�with length �10% of the Fermi surface� requires10,21 that
��Tc� /��Tc��0.2. We have importantly determined that the
behavior of QPI that we report in this paper is robust for the
same regime, ��Tc� /��Tc��0.2. Specifically, to account for
a Fermi arc of about 20% of the length of the Fermi surface
we take22 ��Tc��0.5�pg�Tc�. We stress our results are not
particularly sensitive to the detailed T dependence of �,
which, for the present purposes, could have been ignored.
For numerical regularization purposes we set �=0.01��Tc�.

The full Green’s function is G−1�k ,	�=	−
k−��k ,	�
�see Fig. 1�a�� and the band structure and other parameters
are standard.23 In the presence of a nonmagnetic impurity,
the diagrams contributing to the full Green’s function up to
first order in the impurity strength U0 are shown in Fig. 1�b�.
For a single pointlike impurity, the Fourier transform of the
first-order correction to the LDOS is given by

�n�q,	� = −
U0

�
Im	
 d2k

�2��2 �G�k,	�G�k + q,	�

− Fsc�k,	�Fsc�k + q,	�

− Fpg�k,	�Fpg�k + q,	��� , �2�

where

Fsc�K� � −
�sc�k�G�K�

	 + 
k
; Fpg�K� � −

�pg�k�G�K�
	 + 
k + i�

and K= �k ,	�. There are two types of FF terms: the usual
one which depends on Fsc associated with the sc
condensate14 and an additional term �involving Fpg� repre-
sented by the last diagram on the right-hand side of Fig. 1�b�;
this reflects the contribution of preformed �or noncondensed�
pairs. Importantly, this term that has not appeared in previous
work is required for microscopic consistency.

III. RESULTS AND DISCUSSION

We present the evolution of the QPI pattern with tempera-
ture in Fig. 2 and show ��n�q ,	�� for 	=−10 meV and sev-
eral temperatures, T /Tc=0.1, 0.5, 0.9, and 1.1 in panels �a�–
�d�. Within the octet model picture,12,14 �n in a d-wave
superconductor is dominated by the seven vectors �four of

(a)

(b)

FIG. 1. Full Green’s function in �a� the clean case �thick solid
line� and �b� in the presence of an impurity �double thin lines� to
lowest order in U0, the impurity strength. A thin line represents the
noninteracting normal-state Green’s function G0= �	−
k�−1, and
the dotted and wavy lines represent the t matrices tsc and tpg, re-
spectively. Panels �a� and �b� are the basis for our ARPES and QPI
analysis.
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them are illustrated in Fig. 2�e��. We will find that in addition
to a characteristic dispersion in which the octet vectors sat-
isfy specific consistency conditions, the peak intensity has a
strong dependence on temperature. As Tc is approached and
�sc vanishes, the octet model illustrated in Fig. 2�e� fails.
While the QPI pattern remains relatively unchanged up to
T=0.5Tc, the peak intensity begins to rapidly drop above this
temperature. This reflects that gradual conversion of con-
densed pairs to noncondensed pairs with increasing tempera-
ture and that �pg�T� is suppressed relative to �sc�T� at lower
temperatures.

At T /Tc=0.9 the characteristic �superconducting� QPI
pattern becomes smeared out �due to the rapid rise in the
number of noncondensed pairs� and the octet peaks are found
to vanish above Tc. Note that the QPI pattern above Tc is also
distinctively different from that of a gapless normal
phase.5,14 The presence of noncondensed pairs below Tc and
preformed pairs above Tc also guarantees that the QPI pat-
tern evolves smoothly �as in a second-order phase transition�
through Tc.

In order to elucidate the temperature dependence of the
QPI pattern more quantitatively, we plot in Fig. 3 ��n�q ,	��
as a function of q along the horizontal �qy =0� and diagonal
�qy =qx� directions for 	=−10 meV. The insets of Figs. 3�a�
and 3�b� show the temperature dependence of the peak in-
tensity for the dispersing vectors. In agreement with the
above discussion, the peak intensities decrease significantly
for T�0.5Tc. At T�Tc, the peaks associated with the dis-
persing branches q1, q3, q5, and q7 all vanish �the peaks
associated with q1 and q7 merge into the background and
thus should not be identified as distinctive individual peaks�.
These insets show that the B-QPI pattern is uniquely associ-
ated with superconducting coherence; as the coherent pairs
are converted to pairs with finite lifetime, the QPI peaks are
strongly damped and octet signature vanishes. This strong
signature of Tc in QPI is correlated with its counterpart in
ARPES �Refs. 1 and 2� for moderately underdoped systems
because the same inverse lifetime � that generates Fermi arcs
is responsible for the destruction of octet peaks at Tc.

We turn now to detailed plots of the QPI peak dispersion
that reinforce these conclusions. The dispersive behavior
vanishes in the normal state, as is consistent with
experiment.6 This is shown in Figs. 4�a�–4�j� where
��n�q ,	�� is plotted as a function of 	 and momentum along
the diagonal and horizontal directions. From these two rows
the presence and consistency of dispersive octet vectors can

be verified. In the diagonal cut at T=0.1Tc and at low fre-
quencies and momentum q�0, we identify the octet vector
q7 �see Fig. 4�a�� while the peak at momentum q�2.5 cor-
responds to q3. In the horizontal cut, we identify the dispers-
ing q1 and q5 branches, which for 	→0 merge into a single
point, q�2.55. The momenta q1, q3, q5, and q7 satisfy the
constraints of the octet model for sufficiently low 	. We
identify several nondispersive features in the B-QPI pattern
that reflect the normal state. It is not clear to what extent the
nondispersive features seen experimentally6 above Tc are
present here.

In the diagonal cuts Figs. 4�a�–4�d�, a slowly dispersing
feature emerges at positive�negative� frequencies near qx
=1.2�1.0�. This corresponds to the normal-state peak in Fig.
4�e� that is present for all energies. A similar feature is ob-
servable in the horizontal cuts Figs. 4�f�–4�i� for large fre-
quencies and qx�1.1. In contrast to the strongly dispersive
features, the intensity of these branches decreases only
slightly through Tc and persists to higher temperatures since

FIG. 2. �Color online� ��a�–�d�� Intensity plot of ��n�q ,	�� at 	=−10 meV for increasing T. From left to right: T /Tc=0.1, 0.5, 0.9, and
1.1. �e� Equal-energy contours and the dispersive octet vectors that describe the dispersive B-QPI vectors in the superconducting phase. The
unit of wave vectors is the inverse lattice constant.
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FIG. 3. �Color online� One dimensional cuts for fixed frequency
	=−10 meV in the �a� horizontal and �b� diagonal directions. In-
tensities of peaks fall off rapidly as Cooper pairs lose coherence.
Insets specify temperature dependence of q-vector intensity. All oc-
tet peaks disappear at and above Tc, although there is a finite back-
ground for q1 and q7.
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they are present in the normal state. Note that due to Um-
klapp scattering, the q5 branch is reflected back into the first
Brillouin zone for frequencies �	��13 meV.14 For 	��,
the two branches merge into a single one that for even larger
frequencies again becomes nearly nondispersive, as is a ex-
pected from the normal-state QPI pattern.

In the last row of Fig. 4, we probe the effects of super-
conducting coherence in a way that is strictly confined to the
T�Tc state. Here we display the gap obtained for a given
temperature from the B-QPI pattern dispersion shown in the
first two rows using the octet model inversion procedure.4

For a given energy 	, the inversion procedure yields points
on the Fermi surface, kx and ky, such that ��kx ,ky�=	. Each
row was used to generate an independent set of points and
we take a maximal 5% disagreement between these two sets
as a necessary condition for the observation of B-QPI. The
ARPES-derived gap10 is plotted for comparison. The ARPES
and B-QPI gaps agree well for energies where the horizontal
and diagonal cuts yield consistent kx and ky points. In par-
ticular, at low temperatures and for frequencies 	�0.8�sc,
we find the two sets of Fermi-surface points extracted from
the octet vectors differ by more than 5%. At higher tempera-
tures this occurs at increasingly smaller frequencies with re-
spect to the size of �sc. This leads to a frequency cutoff in
the inversion procedure which is plotted in the rightmost
panel of the bottom row as a function of temperature, where
it tracks the superconducting order parameter �sc. One can
see from the panel at T /Tc=0.9 that Fermi arc physics is also

apparent below Tc in the rounding of the QPI-inferred gap at
low energy. Both gaps extrapolate at the antinodes to ap-
proximately 50 meV���T�. We also observe that below
0.8Tc the extracted B-QPI gap follows a d-wave shape and
thus the total gap �to be distinguished from the order param-
eter� can be inferred by extrapolating the B-QPI gap to the
antinodes and it is almost independent of temperature.

The segments of k space where B-QPI inversion is pos-
sible correspond to the so-called4 “Bogoliubov arcs” whose
end points are associated with “k-space extinction.” This in
turn appears unrelated to either the Fermi arcs or the mag-
netic zone boundary, as claimed elsewhere.4 �It has moreover
been speculated that the arcs and magnetic zone boundary
are connected, although this does not appear to be the case in
general15�. Rather we find that the Bogoliubov arcs are con-
trolled by the size of the superconducting �sc order param-
eter. This is consistent with our discussion of Fig. 2, which
observed that B-QPI vanishes as T→Tc and �sc→0.

While our results for T�Tc are in agreement with those
of earlier studies,12,14 our results for temperatures above Tc
differ in several important respects from previous work.5,8 In
contrast to the pseudogap theory proposed in Ref. 8, we in-
corporate the presence of Fermi arcs in ARPES above Tc.
This may explain why the pseudogap QPI pattern of Ref. 8 is
qualitatively similar to that of the sc state. On the other hand,
in Ref. 5 the Fermi arcs were incorporated but under the
presumption that the gap parameters entering the calculation
of the QPI pattern and the spectral gaps observed in ARPES

FIG. 4. �Color online� First �second� row shows diagonal �horizontal� cuts along qx=qy �qy =0� at 	=−10 meV for increasing T from left
to right T /Tc=0.1, 0.5, 0.9, and 1.1. The last row plots the B-QPI gap �thick red lines� at the same temperatures inferred from pairs of octet
vectors along the horizontal and diagonal directions, compared with the ARPES gap �thin blue lines�. When the inconsistency between the
inferred points on the Fermi surface, kx and ky, exceeds 5% the inversion procedure is terminated. The last figure �panel �o�� on the right
shows the temperature dependence of the energy where the octet model breaks down �red dots�, which falls with temperature, like the order
parameter �black dashed line�. The dotted line in the adjacent figure �panel �n�� represents the simple d-wave gap shape. It is clear that, as
in experiment �Ref. 1� the ARPES gap varies smoothly across Tc as in a second-order phase transition.
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experiments were equivalent. The resultant QPI pattern dis-
agreed with the experimental results and it was therefore
suggested that the pseudogap phase may be unrelated to pre-
cursor superconductivity. In contrast, we argue in our pre-
formed pair scenario that, while the same formalism must be
used to address ARPES and STM experiments �as in Fig. 1�,
the ARPES spectral gap should not be directly employed in
the calculations of the QPI pattern.

IV. CONCLUSION

In summary, in our QPI studies two distinct scales appear:
the total gap � as inferred �by extrapolating the B-QPI gap to
the antinodes presuming a d-wave shape� and �sc, the fre-
quency at which B-QPI breaks down. As in experiment1,4 we
find that �sc�T�, which vanishes at Tc, is more influential in
the nodal regime and we are able to deduce this parameter
from the “k-space extinction” of the QPI-inferred gap. By
contrast � is roughly T independent. A key difference with
Ref. 4 is that we find the inversion procedure works well
even down to the precise nodal point. The failure of this
procedure when experimentally implemented near the nodes
has not been understood.

An important feature of the present theory is its unique
ability to address the ordered phase at general T in the pres-
ence of a pseudogap. Other theories are confined to T�0 or
T�Tc. It is important but difficult for theorists to find ways
to help identify the presence of superconducting order be-

cause of the competing presence of the pseudogap. We have
shown that the frequency cutoff of the B-QPI gives such a
method. We have found an important correlation which
makes our predictions very robust. The condition on ��Tc�
for the appearance of perceptible Fermi arcs in photoemis-
sion is essentially the same as the condition for the disap-
pearance of octet peaks in the normal state.

In heavily underdoped cuprates �not considered here�
there have been recent observations16 of a small contribution
to B-QPI in the near vicinity but above Tc. This may reflect
the fact that in ARPES experiments for these stoichiometries,
Fermi arcs are not present15 until substantially above the
nominal Tc. For these more metallurgically complex cuprates
near the insulating phase, more detailed experiments and
theory are needed to probe the correlations between B-QPI
and ARPES. We end by noting that in retrospect our conclu-
sion that B-QPI disappears with the appearance of Fermi arcs
makes sense physically since it is difficult to see how the
precise octet vectors will survive in the presence of these
arcs.
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